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Abstract 



. We construct exact solutions of the Einstein-Maxwell-Dilaton field equations in five 

f—^ I dimensions, which describe general configurations of charged and static black holes 

C\| ' sitting on a Kaluza-Klein bubble. More specifically we discuss the configurations de- 

^^ ■ scribing two black holes sitting on a Kaluza-Klein bubble and also the general charged 

static black Saturn balanced by a Kaluza-Klein bubble. A straightforward extension 



of the solution generating technique leads to a new solution describing the charged 
ff^ ' static black Saturn on the Taub-bolt instanton. We compute the conserved charges 

and investigate some of the thermodynamic properties of these systems. 
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1 Introduction 

In general, bubbles of nothing are smooth time dependent vacuum solutions of Einstein's 
field equations. Their defining feature is that they have a minimal area surface, with no space 
inside. The first example was provided by Witten as the end state of the decay of the Kaluza- 
Klein vacuum. More precisely, in the original Kaluza-Klein (KK) theory in five dimensions 
the vacuum state is not the five- dimensional Minkowski space, instead it is M^ x S^, the 
product of the four-dimensional Minkowski space with a KK circle S^. Witten showed that 
the KK vacuum can be non-perturbatively unstable against decay to a time- dependent KK 
bubble [1]. By performing an analytical continuation of the five-dimensional Schwarzschild 
black hole, Witten obtained a Euclidean instanton which describes at time zero the nucleation 
of a minimal area 5*^ "bubble of nothing" where the KK circle smoothly pinches off. From 
a four-dimensional perspective this S"^ bubble has no interior, hence the name "bubble of 
nothing" . Once it forms, the bubble rapidly expands to null infinity, "eating up" the space- 
time in the process. Fortunately, the production of KK bubbles is only allowed if one imposes 
anti-periodic boundary conditions for fermions around the KK circle. As such, the decay of 
the KK vacuum is forbidden in a theory with elementary fermions and when one imposes 
supersymmetric boundary conditions. More general time-dependent KK bubbles obtained 
by double analytical continuations of the Kerr solution have been studied in [2]. A similar 
decay process in which a certain orbifold in Anti-de Sitter space-time decays to a bubble of 
nothing was found to exist by Balasubramanian et al. in [3]. Bubbles of nothing obtained 
by double analytical continuations from general NUT-charged spaces have been studied in 
[4, 5]. By using a cleverly chosen ansatz, Copsey was able to show the existence of bubbles 
of nothing in asymptotically flat spaces in [6] and later generalized them in Anti-de Sitter 
context in [7]. Locally these bubbles look like KK bubbles, having a minimal area sphere S"^ 
where a circle pinches off, however, they are asymptotically globally fiat/Anti-de Sitter. 

More recently, there has been renewed interest in bubbles of nothing since it was pointed 
out by Horowitz that they can provide new endpoints for the Hawking evaporation of charged 
black strings [8]. For example, in the presence of a charged black string the KK compact- 
ification radius of the S^ circle varies with the radial coordinate. For certain values of the 
string charges, this radius can be made to vary arbitrarily slowly and it can reach the string 
scale near and outside the black string horizon. In this region, a tachyon will appear which 
will cause the KK circle to pinch off and form a KK bubble of nothing. Unlike Witten's 
bubble, the bubbles of nothing formed in the presence of the black string can carry charges 
and moreover, in certain conditions they cannot be static, instead they have to expand to 
infinity. Bubbles carrying magnetic charges have been discussed in [9] where it was found 
that the addition of a topological magnetic charge can locally stabilize the KK vacuum. 

While the KK bubbles of nothing that describe the non-perturbative decay of the KK 
vacuum are highly dynamical, there are also known solutions which describe static KK bub- 
bles. For example, a static KK bubble in five dimensions can be easily obtained by taking 
the product of the four- dimensional Euclidean Schwarzschild solution with a trivial time 
direction. Since the Euclidian Schwarzschild solution is an example of an asymptotically 
flat gravitational instanton in four dimensions, then the five-dimensional solutions that de- 
scribe black holes on static KK bubble backgrounds fall into the class of solutions recently 



introduced by Chen and Teo in [10]. More generally, they correspond to the so-called black 
holes on gravitational instantons since in absence of black holes the background geometry 
is a direct product of a trivial time direction with a four-dimensional Ricci fiat instanton 
with f/(l) X t/(l) symmetry [13]. The construction and physical interpretation of such solu- 
tions has been greatly facilitated by the use of the generalized Weyl formalism introduced in 
[11, 12]. For example, in four dimensions a solution describing two colliding KK bubbles has 
been studied in [14]. The first solution describing a single black hole on a KK bubble was 
analyzed in [11] and subsequently generalized to the case of two black holes on a KK bubble 
in [15]. Sequences of static black holes on KK bubbles have been considered in [16, 17]. 
One of the most surprising results of these studies was that, for instance, two large black 
holes can be held in static equilibrium by a single KK bubble, even if the separation dis- 
tance between the black holes is very small compared to their size. This means that one can 
construct multi-black holes on KK bubble spacetimes that do not have conical singularities, 
that is, the black holes are kept in static equilibrium. One can of course add rotation to 
these systems and describe rotating black holes on KK bubbles. For example, a rotating 
black ring on a KK bubble has been studied in [18]. This solution is similar to the rotating 
asymptotically fiat black ring found by Emparan and Reall [19]. Rotating generalizations of 
the solution describing two black holes on a KK bubble have been constructed in [20, 21]. 
Charged generalizations of these vacuum solutions to describe charged black holes on KK 
bubbles have been studied in [22, 23, 24]. 

The aim of this paper is to further extend and study the class of solutions describing 
charged black holes on KK bubbles. In the first part of this article we shall construct two 
general solutions which describe two charged black holes/rings on a KK bubble. The first 
solution is a generalization of the electrically charged double black hole constructed in [22]. 
More precisely, for the solution derived in [22] the charges and masses of the two black holes 
cannot take independent values, since, as an artefact of the particular solution-generating 
technique used to generate them, the mass to charge ratios take the same value for each black 
hole in that system. By contrast, in our solution-generating technique the final solution is 
described by five independent parameters, corresponding to the values of the masses and 
charges of the black holes and the separating distance between them (equivalently, the rod 
length of the KK bubble in between the black holes). The second solution that we discuss is 
a KK analog of the black Saturn constructed by Elvang and Figueras in [25]. The ring of the 
Saturn is now placed on two KK bubbles while the black hole is placed at the other end of one 
of the bubbles. The vacuum version of the black Saturn on the KK bubbles is included in the 
class of solutions studied in [16] and, in our case, it is simply obtained by setting the electric 
charges equal to zero. In the generalized Weyl formalism, when discussing the rod structure 
of a given solution, one can interpret a finite rod along a spacelike direction as representing a 
KK bubble. This is why black holes on the Schwarzschild instanton correspond to black holes 
on KK bubbles. Such finite spacelike rods also appear in the rod structures of the Euclidean 
Kerr and the Taub-bolt instanton [13] and, in this sense, one could interpret black holes on 
these instantons as corresponding to black holes on generalized KK bubbles, with different 
asymptotic structures. For example, a black hole on the Euclidean Kerr instanton has been 
derived in [10]. Black holes on the Taub-bolt instanton have been studied in [10, 26, 27, 31]. 
Based on these considerations, in the second part of this paper we derive a more general 



solution that describes a black Saturn on the Taub-bolt instanton in five dimensions. Most of 
the ingredients used to construct this solution have been already computed in the derivation 
of the black Saturn on the KK bubbles and it will be easy to see that for certain values of 
the parameters the black Saturn on the KK bubbles can be obtained as a particular case. 

The structure of our paper is as follows: in the next section we describe the solution- 
generating technique and introduce the seed solution from four dimensions. In section 3 
we construct two new solutions: the charged double-black holes on a KK bubble and also 
the general charged black Saturn on KK bubbles. In section 4 we derive the charged black 
Saturn solution on the Taub-bolt instanton. Finally, in section 5 we compute the conserved 
quantities and investigate some thermodynamic properties of these solutions. The final 
section is dedicated to conclusions. 

2 The solution generating technique 

The main idea of the solution-generating technique that we shall put to use is to map a 
general static electrically charged axisymmetric solution of Einstein-Maxwell theory in four 
dimensions to a five- dimensional static electrically charged axisymmetric solution of the 
Einstein-Maxwell-Dilaton (EMD) theory with arbitrary coupling of the dilaton to the elec- 
tromagnetic field. To this end one performs a dimensional reduction of both theories down to 
three dimensions and, after a mapping of the corresponding scalar fields and electromagnetic 
potentials of each theory, one is able to bypass the actual solving of the field equations by al- 
gebraically mapping solutions of one theory to the other. This solution generating technique 
has been previously used in [32, 33] to construct multi-black hole systems in five-dimensional 
asymptotically fiat backgrounds. However, for simplicity, in what follows we shall focus only 
on the Einstein-Maxwell theory and, therefore, we set to zero the coupling of the dilaton 
field to the Maxwell field and further set the dilaton field to zero. 

To obtain general charged and static configurations of double black holes on KK bub- 
bles, we shall make use of the four-dimensional double Reissner-Nordstrom solution in the 
parametrization given recently by Manko in [34] with metric 

ds^ = -fde + /-i [e^~^{dp'' + dz'') + p'^d^] , 



and electromagnetic field 



2C 

F = d'^ Adt, ^ = -^ ^ (2) 

A + B 



We have used the following notations 

A = aia2[iy{ri + r2)(r3 + r^) + Ak{rir2 + rsr^j] - {fi^u - 2k'^){ri - r2){rs - r^), 
B = 2aia2[{uMi + 2kM2){n + ra) + (z/Ms + 2kMi){r3 + n)] 

-2ai[ufi{Q2 + /i) + 2k{RM2 + fiQi - /i^)](ri - ra) 

-2a2[ufi{Qi -fi)- 2kiRMi - /iQs - fi^Ws - u), 
C = 2ai(T2{[z/(gi - /i) + 2k{Q2 + /i)](ri + ra) + [//(Qs + /") + 2A;(gi - /x)](r3 + r4)} 

-2CTi[/iz/M2 + 2A;(/iMi + i^Qs + /i^)](ri - ra) 

-2a2[/xz/Mi + 2A;(/iM2 - RQi + /ii?)](r3 - r^), (3) 

where the solution parameters are given by 

1, = R-^-al-al + 2/i2, k = M1M2 - {Qi - ^l){Q2 + /i), 

al = Ml-Ql + 2^,Q,^ al = Ml-Ql-2i.Q2. ^ = ^Tm^' ^^^ 

and Ti = ^ p^ + (^ ~ ctj)^' "^ = 1--4- The parameters Cj correspond to the turning points in 
the rod structure of the seed solution, and they take the values 

ai = — + 0-2, ^2 = — -o"2, a3 = -— + cri, 04 = -— -cTi, (5) 

It is assumed that i? > 0, Uj > 0, and the following order is satisfied 04 < 03 < a2 < ai. 
The solution is parameterized by five independent parameters, and they can be chosen as 
the intrinsic masses of the two Reissner-Nordstrom black holes Mi 2, their local charges Q\^2 
and the distance R separating them. For a detailed discussion of its properties we refer the 
reader to [34, 35] and the references therein. Note that, in general, the function e^^ can be 
determined up to a constant and its precise numerical value has been fixed here by allowing 
the presence of conical singularities only in the portion in between the black holes along the 
(/? axis. Consequently one has: 

for — _R/2 + ai < 2 < i?/2 — ^2 and e^~^\p=Q = 1 elsewhere. 

In what follows we assume that all the functions involved in our solutions depend only 
on the canonical coordinates p and z. The final solution of the Einstein-Maxwell system in 
five dimensions with the Lagrangian 



^5 = V^ 



where -F(2) = (iA(i)i A dt, can be written as: 



^ - 4^(2) 



(7) 



ds' = -fde + Fdx^ + i [e^^{dp' + dz^) + pH^'] , A(i), = ^vp, 

Kjr 2 



a4 as a2 ai 

-^ ^ t 



V 



Figure 1: Rod structure of the double black hole on a KK bubble, 
where we defined the following functions: 

The coordinate t parameterizes the asymptotically timelike Killing field, and the periodic 
coordinates ip and x correspond to the spacelike Killing fields. Since in this paper we are 
interested in solutions with Kaluza-Klein asymptotic, we assume hereafter that the coordi- 
nate X parameterizes the KK circle at infinity. The function h appearing in the solution 
is an arbitrary harmonic function^, which can be chosen at will. Note that the presence of 
h allows us to modify the rod structure of the final solution along the x ^-nd (f directions. 
Indeed, by carefully choosing the form of h, one can construct the appropriate rod structures 
to describe the desired configurations involving black holes sitting on KK bubbles. Finally, 
once the form of h has been specified for a particular solution, the remaining function 7 can 
be obtained by simple quadratures by using the equations: 

9p7 = Plidphf - {d,h)% 9,7 = 2p{d,h){d,h). (10) 

3 Black holes on a Kaluza-Klein bubble 

In this section we construct two new solutions describing charged black holes on KK bubbles. 
The first solution is the most general static solution involving two charged black holes on a 
KK bubble, while the second solution will correspond to the charged static black Saturn on 
KK bubbles. 

3.1 Charged double black holes on a KK bubble 

The rod structure of a system of two black holes on a KK bubble is depicted in Figure 1. 
We should construct the harmonic function h in such a way that the metric (8) describes 
a solution possessing two horizons with spherical topology separated by a KK bubble. One 
possible form is 



^2h ^ V{ri + Ci){r2 + C2) .^^. 



^That is, it satisfies the equation V^/i == |1'* ' ^ ^'* ' ^''^ 



Idh, d^h 
p dp dz'^ 



where Q = z — ai. Then, if we integrate eq. (10) we obtain the remaining metric function 

1 
2 / Y13Y14Y23Y24 \ " 



,27 



Kq \rir2r3r^Yi2Y3i 
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where we use the notation Yij = riVj + QQ + p^, and Kq is an integration constant. We can 
show that the constructed solution (8) with these exphcit metric functions is characterized 
by the rod structure depicted in Fig. 1. 

Following the procedure given in [12, 13], one deduces that the rod structure contains four 
turning points that divide the z-axis into five rods. They can be described in the following 
way, specifying the rod direction vectors with respect to a basis of Killing fields {§1^ -§-^-§i}^ 
and normalizing them to the surface gravity of each fixed point set: 

• Rod 1 - For z < a^ one has a semi-infinite spacelike rod with normalized direction 



h 



'2V2 



(0,0,1). 



(13) 



Rod 2 - For a4 < z < a-^ one has a finite timelike rod that corresponds to a black hole 

horizoi 

where 



horizon with S^ topology. Its normalized rod direction is given by I2 = -^(1,0,0), 



k 



Kn 



Hi 



2V2 



Pi 



pr'e^ 



\Hi 



(14) 



is the surface gravity on the black hole horizon represented by this rod. 



Rod 3 - For a^ < z < a2 one has a finite spacelike rod with normalized direction 
/3 = ^(0,1,0), where 



Kq 

2V 2v^ 



u + 2k 



v-2k 



[m + a2f-aMR-a2f-al)Y\ 



(15) 



It corresponds to a KK bubble with surface gravity ks- 



Rod 4 - For a2 < z < ai one has a finite timelike rod, corresponding to a second 
black hole horizon with 5''^ topology. Its normalized rod direction is found to be 
/4 = ^(1,0,0), where 



''H2 



K. 



^H2 



2V2 



P2 



Pf-'ef^ 



\H2 



(16) 



is the surface gravity of the black hole horizon corresponding to this rod. 
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Figure 2: Rod structure of the black Saturn on KK bubbles. 



Rod 5 - ioT z > ai one has a semi-infinite spacelike rod with normalized direction 



h 

Here we defined the following quantities: 

0-1 



'2^2 



(0,0,1). 



:i7) 



pi 



{R + a,Y-al 



V2 



0"2 



(i?+^,)2_^2 



while for each black hole horizon one has [35]: 

[{R + Ml + M2)(Mi + ai) - QiiQi + Q2 



pf-'enu 



\pr'e^)\H, 



ai[(i? + ai)2-a|] 

[{R + Ml + M2)(M2 + <J2) - Q2{Ql + Q2 

a2[{R + a2y-af] 



(19) 



The integration constant Kq should be equal to 2a/2 in order for the solution to be asymp- 
totically Kaluza-Klein. Then it is clear that the rod structure of this solution is the one 
depicted in (1) as advertised. Note that ks is the so-called surface gravity of the KK bubble 
as defined in [36] and, for a smooth KK bubble, its relation to the length at infinity of the 
KK circle is given by: 



This fixes the value of L to be: 

L = 4n {[{R + ^2)2 - al][{R - a^f - a^Y 



(20) 



u — 2fi 



z/ + 2/i 



(21) 



3.2 The charged black Saturn on the KK bubbles 

To construct a solution which describes a static charged black Saturn on a KK bubble one 
should choose another form of the harmonic function /i, which can be guessed by the rod 
structure of the solution. Since one of the black hole horizons should possess a ring topology, 
the rod corresponding to it should be surrounded with two finite rods along the Killing field 
d/dx- The other black hole horizon should be topologically S^ , so it should intersect with 
a rod directed along d/dxi and a rod directed along the other spacelike Killing field d/dip. 
The solution should be asymptotically Kaluza-Klein, which further means that the two semi- 
infinite rods should be directed along the Killing field d/dip, which is not associated with 
the compact dimension. All these considerations imply that the rod structure of the static 
black Saturn on KK bubbles can be described by Figure 2. To obtain this rod structure the 
harmonic function h should possess the form 



2h /(ri + Ci)(r-2 + C2)(r4 + C4) 1 



e'^ = ^ '■' ' ^'''■' ' y"'^ ' ^^' ^ ^ . (22) 



The metric function is found afterwards by integrating (10) 



1 1 



2^ ^ V2 f Y^^Y^,Y^, \ - f 1^13^23^34 A ^ , . 



Vrir2r3r4Yi2Yi4>^5 



24/ 

where Kq is an arbitrary constant. We shall show that the rod structure of the constructed 
solution coincides with that depicted in Figure 2. From the explicit form of the solution 
we obtain that the parameters denoting the rod endpoints Oj, i = 1..4, coincide with the 
corresponding values for the seed solution given by (5). An additional turning point is 
introduced at 2 = as, which is originally a free parameter. It is convenient to be chosen as 
as = —J — 0", where a > ai. The six rods constituting the rod structure of the new solution 
can be described in the following way, where the rod direction vectors are given with respect 
to a basis of Killing fields {§i^ -§-^-§i}^ and they are also normalized to the surface gravity 
of each fixed point set: 

• Rod 1 - For z < as one has a semi-infinite spacelike rod with normalized direction 



h = \l ^{0,0,1). (24) 

Rod 2 - For as < 2 < a4 one has a finite spacelike rod with normalized direction 
/2 = ^(0,1,0), where 



kB. = l 



(T + (Ti 



It represents a KK bubble with surface gravity A;^!- 

9 



(25) 



Rod 3 - For a^^ < z < a^ one has a finite timelike rod that corresponds to a black 
hole horizon with ring topology (S*^ x S*^). It possesses normalized direction given by 
^3 = ^(1,0,0), where 



Kn 



^Hi 



2v^ 



Pi 



pr'e^ 



\Hi 



(26) 



is the surface gravity of the corresponding horizon. 



Rod 4 - For a^ < z < a2 one has a finite spacelike rod with normalized direction 

/4 = ^(0,1,0), where 



-B2 



v + 2k 



u-2k 



[iR + 



a 



cr: 



0" 



{R-a,f-al 



(27) 



It represents a second KK bubble with surface gravity /csj- 



Rod 5 - For a2 < z < ai one has a finite timelike rod, corresponding to a second black 
hole horizon with 5*^ topology. It possesses normalized direction l^ = ^^(1, 0, 0), where 



■=^2 



Ka 



^H2 



2^2 



P2 



Pf-'ef" 



4 



\H2 



f28) 



is the surface gravity of the corresponding horizon. 

Rod 6 - for z > ai one has a semi-infinite spacelike rod with normalized direction 



k 



'2v5 



(0,0,1). 



(29) 



The expressions of the surface gravity for each black hole include a pair of constants Pi, 
: 1, 2. They characterize the expansion of the metric function e^^~'^"' near each black hole 



horizon 



^2h-27 



H. = {Prf^P + 0{p), 



and in our case they can be computed using the formulae (22) and (23) as 



Vi 



^ 



(71 + a 




2 

{R 


UR + <y,f-al 


[{R + aY- 

-0- + 0-2)"^ 


1 


^1 

+ 0-2 + CTi) 
- (72 — CTi 


1 
4 



(30) 



(31) 



The integration constant Kq should have the value Kq = 2^2 in order for the solution to 
be asymptotically Kaluza-Klein. Other parameters are further restricted by the requirement 
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that conical singularities do not occur. The rod structure of the solution contains two 
rods directed along the Killing field d/dx-, which correspond to the Kaluza-Klein bubbles. 
Consequently, to avoid conical singularities the periods of the orbits of d/dx iii the vicinity 
of the bubbles ^Xb^ and Axsj should coincide with the length of the compact dimension at 
infinity L 

AxB, = T- = L, AxB, = T-=L. (32) 

f^Bi f^B2 

Considering the expressions for the surface gravities on the bubbles, we obtain that the 
two equalities are compatible if the following condition is satisfied 



cr — o"! 

cr + CTi 



2k 



v + 2k 



{R-ai?-al 



(33) 



If the rod structure of the seed solution is considered fixed, this is basically a restriction on 
the length of the first bubble rod a^ < z < a^, oi equivalently, on the value of the parameter 
a. Finally we should note that in the limit a = ai the solution reduces to the double black 
holes on KK bubble, described in the previous section. 

4 The static charged black Saturn on the Taub-bolt 
instanton 

As we have mentioned in the introduction, the Taub-bolt instanton is another four- dimensional 
gravitational instanton that can be used as a background for black hole solutions in five di- 
mensions. For example, a solution describing a single black hole on the Taub-bolt instanton 
has been derived in [10]. The black ring on the Taub-bolt instanton was constructed and 
studied in [27], while a system of two charged black holes was recently studied in [26]. The 
Taub-bolt instanton contains a fixed point set of the spacelike Killing field associated with 
the compact dimension, which represents a regular surface with 5^ topology, also called a 
bolt [28]. In this way it resembles the KK bubble. However, the asymptotic structure of the 
Taub-bolt instanton is different since it is only locally Kaluza-Klein (M^ x 5"^), but globally 
the spatial cross-sections at infinity represent a more general fibre bundle. The solution is 
characterized by a NUT charge which is proportional to the first Chern class of the fibre 
bundle at infinity, and it contains the Kaluza-Klein bubble as a limit case when the NUT 
charge vanishes. 

The solutions representing black holes on the Taub-bolt instanton obtained so far possess 
one important feature. In resemblance to the black hole and KK bubbles configurations 
they can be made completely regular for certain values of the parameters, so no conical 
singularities occur, and the black hole system is balanced. In this section we shall construct 
a more general exact solution, which describes a charged black Saturn on the Taub-bolt 
instanton. We shall show that for specific values of the parameters the static black Saturn 
on the Taub-bolt can be in equilibrium as well. 
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The details of the solution generating technique that we use have been previously pre- 
sented in [29] so that here we only give the final formulae. Since one wants to construct a 
solution describing two charged black holes/rings in five dimensions, the starting point of 
the solution generating technique is again the charged four-dimensional double black hole 
solution given in (1). Following the results in [29], one can write the final solution in the 
form: 

ds^ = -fdt' + ^{dx + ujd^f + ^ [e^Hdp' + dz^) + pH^^] , A(i), = ^v]/, (34) 

where we defined the following functions: 

F=~f-\e^\ G = fle^\ E = A^ - C V^ e^^ = e'-^+^\ oo = AACH. (35) 

Note that A and C are arbitrary constants, h is again a harmonic function to be chosen at 
will, while the function 7 can be easily derived by integrating (10). In addition, the function 
H is the so-called 'dual' of h and it is a solution of the following equation: 

dH = p{dphdz — dzhdp). (36) 

Therefore, once the harmonic function h is determined, to obtain the final solution one has 
to integrate (10) and compute the dual of h. In order to have the right asymptotic at infinity, 
the values of the constants A and C should be chosen such that A^ — C"^ = 1. 

To construct a black Saturn solution, which describes a black ring around a spherical 
black hole on the Taub-bolt instanton, it turns out that one has to pick the same harmonic 
function that was used to construct the black Saturn on KK bubbles. Namely, h should be 
given by (22), and 7 coincides with (23). The dual of h is easy to evaluate:^ 

H = -[r^ + 2r5 - {n + ra + r^)] , (37) 

up to a constant term. 

To prove that the final solution describes indeed a static black Saturn on the Taub-bolt 
instanton we shall compute the rod structure of this solution. As in the case of the static 
black Saturn on KK bubbles, there are five turning points such that Oj, i = 1..4, coincide 
with the rod endpoints of the seed solution (5), and a^ can be chosen as 05 = —^ — a, where 
a > o"i. They divide the z axis into six rods which can be described in the following way, 
where the rod direction vectors are given with respect to a basis of Killing fields {§1, -§-,-§1}, 
and they are also normalized to the surface gravity of the corresponding fixed point set. 

• Rod 1 - For z < a^ one has a semi-infinite spacelike rod with normalized direction 



k = \l'^{0, 2AC{a - ai + /?), 1). (3^ 



^In general, the dual of ^ lii(ri + Q) is —\{ri — Q), while the dual of ^ \n{ri — (i) is —-^{fi + COi where 
= \/ p^ + Cf I Ci = ^ ^ fli £iiid fli is a constant. 
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Rod 2 - For 05 < z < 04 one has a finite spacelike rod with normahzed direction 

/2 = ^(0,1,0), where 



ksi 



2^2 



cr + CTi 



{a-a,){iR + ay-al 



(39) 



It corresponds to a boh, according to the classification in [28], with surface gravity 
ksi- 

Rod 3 - For a^ < z < a^ one has a finite timelike rod that corresponds to a horizon 
with ring topology (S*^ x S^). Its normalized rod direction is given by I3 = -^(1, 0, 0), 
where 



«Hi 



k 



Hi 



Kq Pi 
2V2A 

is the surface gravity on the horizon. 



Pf-'e^ 



\Hi 



(40) 



Rod 4 - For as < z < a2 one has a finite spacelike rod with normalized direction 

/4 = ^(0,1,0), where 



-B2 



2^2 



u + 2k 



v~2k 



[{R 



0- 



al] 



{R + aif-a. 



{R-aiy-a. 



(41) 



It corresponds to a bolt with surface gravity ksz- 



Rod 5 - For a2 < z < ai one has a finite timelike rod, corresponding to a second black 
hole horizon with S^ topology. Its normalized direction is l^ = ^r— (1? 0, 0), where 



■£^2 



k 



H2 



Ko P2 



p~r'e^ 



\H2 



2V2A 

is the surface gravity of the black hole horizon corresponding to this rod. 

Rod 6 - for 2; > ai one has a semi-infinite spacelike rod with normalized direction 



(42) 



U 



'2^2 



(0,-2AC(a-(Ti + i?),l). 



(43) 



The expressions for the surface gravity of the black holes include two constants pj, i = 1, 2. 
They take part in the expansion of the metric function e^''"^'^ near each black hole horizon 



^2/1-27 



H, = {P^fVP + 0{p), 



(44) 



and coincide with the expressions (31) computed for the black Saturn on KK bubbles in the 
previous section. The integration constant Kq should also be chosen as in the previous case 
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Kq = 2\f2 to ensure that the solution asymptotic is locally Kaluza-Klein. The constants A 
and C obey yl^ — C^ = 1 as already mentioned in the construction of the solution. 

Certain restrictions should be imposed in addition on the solution parameters to ensure 
that conical and orbifold singularities do not occur. To avoid conical singularities it is 
necessary that the periods of the orbits of the Killing field djdx in the vicinity of the two 
bolts coincide with the length of the compact dimension at infinity L 



27r 



27r 
^Xb, = t—=L. 



(45) 



The two equations are satisfied simultaneously if 



a — ai 



a 



o-i 



2k 



V 



Ik 



{R 



a,f-al 



(46) 



which coincides with the condition for absence of conical singularities for the black Saturn 
on KK bubbles. 

Another restriction should be imposed to avoid orbifold singularities at p = 0, 2; = 05, 
where two spacelike rods intersect. The solution is free of orbifold singularities if the direction 
vectors of the two spacelike rods z < a^, a^ < z < a^ with respect to a certain basic of 
generators of the U{1) x t/(l) isometry group are connected by a GL(2,Z) transformation 
[30]. It is convenient to choose as a basis of generators the Killing fields along which the 
two semi-infinite rods are directed. Then, the condition of absence of orbifold singularities 
results in the explicit relation 



2C((7 -ai + R) = Vl + C^ 



{a-a,){{R + af-al) 



a 



O"! 



(47) 



which can be always satisfied by restricting the value of the constant C. For a regular 
solution the direction vectors in the rod structure acquire the form 



h 
h 



(0,2n, 1 
1 



iH2 



/2 = (0,4n,0), h 
1,0,0), /6 = (0,-2n,l) 



1 



^Hx 



;i,0,0), /4 = (0,4n,0), 



where the parameter n = AC{a — ai + R) is related to the NUT charge A^ = n/G^^ of the 
solution [31], and according to (45) it is further connected with the length of the compact 
dimension at infinity as L = Sttu. It is evident from this representation that in the limit when 
the two horizons vanish the solution reduces to the Taub-bolt instanton, trivially embedded 
in five dimensions. In the limit when C = 0, the NUT charge vanishes, and we recover the 
black Saturn on the KK bubbles, which we described in the previous section. 



^Here G5 is the gravitational constant in five dimensions. 
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5 Conserved charges and thermodynamic properties 

The solutions, which we obtained, are characterized by three conserved charges - the electric 
charge Q, the mass Madm, and the gravitational tension T [37], [38]. In general, they are 
encoded in the asymptotic behavior of the metric functions and the matter fields. The mass 
and the tension can be obtained by computing the generalized Komar integrals at infinity 

[39], [24] 



Madm = -TTr-pr / [2u- -kd^-i^-k dk] , (4^ 

T = - / [ik'kd^-2i^'kdk], 



'-'oo 

where ^ = ^ is the Killing field associated with time translations, k = j- is the Killing field 
corresponding to the compact dimension, and L is the length of the compact dimension at 
infinity. 

The mass and the gravitational tension can be expressed completely in terms of the 
asymptotic expansions of the metric functions gu and g^^^. The asymptotic region of the dis- 
cussed solutions is located at the limit ^ffP^^Tz^ -^ oo, and it is conveniently parameterized 
by the coordinates {r, ^} connected to the canonical coordinates by the transformation 

p = r sin ^, z = r cos Q. (49) 

In general the metric functions possess the following behavior 

^^* = -l + 7 + ^(;^)' ^xx = l + ^ + 0(^), (50) 

in the asymptotic region r — > oo, where q and c^ are particular constants for each solution. 
Consequently, the computation of the Komar integrals (48) leads to the expressions 

Madm = -rrr (2ct - c^) , 

T = ^ (q - 2cJ . (51) 

Calculating the asymptotic behavior of the double black hole solution on a KK bubble 
we obtain the following expressions for the mass and the gravitational tension 

MADM = ^[^{M^ + M2) + R], r=-^, (52) 

where G^ is the gravitational constant in five dimensions. Similarly, the mass and gravita- 
tional tension of the black Saturn on KK bubbles are given by: 
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A^ADA/ = T^[3(Mi + M2) + i? + a-ai], T = -^(i? + a - ai), (53) 

4(jr5 ZCts 

and in the case of the black Saturn on the Taub-bolt instanton we obtain 



Madm = -^ [3(Mi + M2) + (1 + 2C^){R + a-a, 

r=^(l + 2C2)(i? + a-ai). (54) 

The mass and the tension can be calculated alternatively by means of the counter-term 
method. A suitable counter-term is proposed in [42], [43], which was originally obtained for 
the Kaluza-Klein monopole [40], [41], but is also relevant for other solutions with equivalent 
asymptotics. The Kaluza-Klein monopole, or the Gross-Perry-Sorkin monopole, as it is also 
known, is actually a Taub-NUT instanton trivially embedded in five-dimensional spacetime 
by adding a fiat time dimension. Consequently, it possesses the same asymptotics as the 
black Saturn on the Taub-Bolt instanton. The asymptotic structure of the black holes on 
KK bubbles solutions also belongs to the same type as it is a particular case when the fibre 
bundle at infinity becomes trivial. 

The other conserved quantity, the electric charge, is defined by the integral 



where F(2) is the Maxwell 2-form and the integration is performed over the boundary of the 
spacelike cross-section at infinity. The integral can be expressed by a sum of two identical 
integrals over the two black hole horizon surfaces, and can be interpreted as local charges of 
the two black holes Qh^ and Qh2- Consequently, the electric charge is given by 

where Qi and Q2 are the local charges of the two Reissner- Nordstrom black holes representing 
the seed solution. A related characteristic is the electric potential on each black hole horizon 
Hi 

$H, = -A,,,,\n. = -^v^Ih. = V3 (^^) , (57) 

where \Ef is the electric potential for the seed solution. 

A local mass of each black holes Mui can be also defined by the Komar integral (48) 
evaluated over the horizon surface 
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Mh. = -^ hk^d^ = ^^iHr (58) 

ottGs Jh^ 2G5 

For our class of solutions it is determined by the length of the horizon rod A//^. = 2crj. In 
a similar way a local mass of the KK bubbles, or the bolts in the Taub-bolt case, can be 
defined by integrating (48) over the fixed point sets of the Killing field d/dx 

Explicit calculation gives that it is again proportional to the length of the rod representing 
the bubble A/^., leading to^ 

MB, = ^^{(r-^i), MB, = ^^{R-cT2-a,). (60) 

To avoid confusion we should note that the parameters Mi and M2 described as the 
intrinsic masses of the black holes in the double Reissner-Nordstrom seed solution are not 
defined purely by a Komar integral, so they do not correspond directly to (58). They include 
in addition an electromagnetic term such as 

1 /■ 1 1 

M, = -— / *d^ + -^iQ, = ai + -^iQ^, (61) 

87r Jh^ 2 2 

where Qi are the local charges of the black holes and \l/j are the restrictions of the electro- 
magnetic potential for the seed solution on the horizons. These relations correspond to the 
Smarr relations in the four-dimensional seed solution [35]. 

The local mass of each black hole (58) can be also expressed in terms of the corresponding 
horizon area Ah^ and surface gravity knt , or equivalently by the black hole temperature T^ . 

Mh, = -j^AhM = t^Th^M. (62) 

47rG5 2G5 

The areas of the black hole horizons can be computed by using the expressions for the 
corresponding horizon area for the four dimensional seed solution. More precisely, for the 
double Reissner-Nordstrom solution the area of each horizon can be expressed as [35]: 

Ag = Ana, (pf-'e^) \h., (63) 



^The double black hole solution presented in section 3.1 contains only a single bubble with mass given 
hy Mb2- 
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where the quantities (pf ^e'^j |//. are given by (19). Consequently, the area of each black 
hole horizon for the five-dimensional solutions discussed in section 3 can be written as 



Ah^ = A7ra,L[iprhf^)\H^]Uip 



,le27-2M 



\Hi 



(64) 



As already mentioned, the metric function e^'^ '^'' possesses the following expansion near each 
black hole horizon 



e''-'^U = {p^?VP + Oip), 



(65) 



where the constants Pi are given by (18) for the double black hole on the KK bubble, and by 
(31) for the black Saturn on KK bubbles. Hence one finds the particularly simple expressions 



A 



Hi 



A 



Hi 



AnL 



A-kL 



[{R + Ml + M2)(Mi + di) - Q^jQ, + Q2 
{R + cT^y-ai 

[jR + A'h + M2)(M2 + ^2) - Q2{Qi + Q2 
{R + a^y-af 



(66) 



for the horizon areas of the double black hole solution presented in section 3.1. For the black 
Saturn on KK bubbles one finds instead 



Ah^ = 4V27rLcr{ — — -^ k 



(R + ai^-al 



{R + af-al 
ai + a 



Ah2 = 47rL-t — 2 (i? + as + a) 2 (i? + cr2 - crj 

[R + a2Y - cTi 



The area formulae (64) will receive modifications in the case of the black Saturn solution 
on the Taub-bolt instanton. The relevant expression is given by 



An^ = 4na,LA[{pf-'en\H.]'' ((p^e^^-^^)^, 
AnajLA 



Pi 



[ipf-'enuy*. 



(67) 



where S|p=o = A = yl + CP and the metric function e^'* ^'*' is determined again by the 
following expansion near the black hole horizons 



\H. = iP.fVP + (^iP)- 



(6^ 
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Using the expressions for the constants Pi (31) we obtain the horizon areas for the black 
Saturn on Taub-boh instanton in the form 



Ah^ = W2'KLAal ^ -— 2 '- 



{R + ar-al 
0-1 + a 



[{R + Ml + M,){M, + a2)- Q2{Qi + Q2)] 



Ah, = AttLA^ /„ ;_,, ' , ^" " '' {R + a2 + a)HR + a2- a^) 



The thermodynamical characteristics of the solutions which we discussed are not indepen- 
dent since they are connected by a set of geometrical identities knows as Smarr-like relations 
for the mass and the tension. The general form of these laws for five- dimensional charged 
static solutions representing configurations of black holes and KK bubbles was derived in 

[22] 

MaDM = J2^^'^Y1 ^'^B, + Y^ ^H, Qm . 
i j i 

rL = ^^M^, + 2^MB„ (69) 

where Mni and Mb are the local masses of the black holes and the bubbles (58)- (59), 
QHi are the charges of the black holes and ^h, are the restrictions of the electromagnetic 
potential on the horizons. It is easy to prove that the obtained physical quantities for the 
double black holes on KK bubbles, and the black Saturn on KK bubbles satisfy (69). The 
Smarr-like relations for the mass and the tension are modified in the case when the solution's 
asymptotic structure is only locally Kaluza-Klein (M^ x S^), but globally the spatial cross- 
sections at infinity represent a more general fibre bundle. In this case the relevant relations 
were derived in [31] 

Madm = Yl ^'^H.' + Y, ^B, + -Nxh + Y '^^^ 2^^' 

i j i 

rL = ^Y^H,+^Y ^B, + LNxH. (70) 

« i 

and they contain an additional term including the NUT charge of the solution A^ and the 
restriction of the NUT potential on the horizons xh- The NUT potential x for static charged 
solutions of the 5D Einstein-Maxwell equations is defined by the exact 1-form [31] 

dx = i^ik -^dk, (71) 

where ^ is the asymptotically timelike Killing field, and k is the Killing field associated with 
the compact dimension. It is constant on the horizons and the bolts, and for continuity 
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reasons its values on both surfaces should coincide. The NUT potential for the black Saturn 
on the Taub-bolt instanton can be calculated by integrating (71) on one of the semi-infinite 
rods z < a^ or z > ai. It is convenient to choose the integration constant so that the 
NUT-potential vanishes at infinity, and thus we obtain 

where the metric function h is defined by (22). Consequently, the restriction of the NUT- 
potential on the horizons is equal to xn = C j A. Taking into account that the NUT charge 
of the solution is A^ = ^(-R + cr — ai), and using the expressions for the other physical 
characteristics which we obtained, it can be proved that (70) are satisfied. The Smarr-like 
relations for the mass and the tension can be also combined into a single relation, which 
coincides for all the solutions we investigated 

2M~TL = I^Mh, +2^<I>h^Qh^. (73) 



6 Conclusions 

As a general feature, in four and five dimensions, static solutions describing multi-horizon 
objects are plagued by unavoidable conical singularities. From a physical point of view, the 
presence of these conical singularities is to be expected since they are needed to balance the 
gravitational and electromagnetic interaction forces between the black holes, in order to keep 
the systems static. On the other hand, even if the solutions containing conical singularities 
appear to be singular at those points, such systems can still have a well-defined gravitational 
action [44, 45, 46, 47]. This means that such multi-black hole solutions with conical sin- 
gularities might still admit a reasonable and well-defined thermodynamic description. For 
spaces with KK asymptotics, this has been explicitly checked in [48]. 

Previous work [32, 33, 29, 48] showed that in the absence of rotation the electromagnetic 
interaction is not strong enough to balance the gravitational attraction between the black 
holes and the conical singularities cannot be avoided. The solutions we constructed in this 
paper involve black holes on KK bubbles of nothing. These KK bubbles are all static and 
have positive mass. The role of the KK bubble of nothing in between the black holes is 
to equilibrate and balance the interaction forces among black holes and keep the system 
static and in equilibrium. This was initially noted in [15, 17] for the vacuum case. In 
our work we extended the previous results in [22] to show that the balance can be kept 
in the most general solution describing two charged black holes on a KK bubble. We also 
constructed a new solution describing a static and charged black Saturn on KK bubbles and 
showed that this system can be equilibrated as well. Finally, we extended our considerations 
to black holes on the Taub-bolt instanton, which is a generalization of the Kaluza-Klein 
bubble with a nontrivial NUT-charge. Previous work [26] showed that the double black hole 
on the Taub-bolt instanton can be equilibrated, even if the black holes are non-extremal. 
Similarly, the static black ring on the Taub-bolt instanton can be balanced even in the 
vacuum case [27]. One should then expect that the static and charged black Saturn solution 
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can be constructed on this background and by carefully choosing the parameters it can be 
rendered regular on and outside the black hole horizons. Indeed, in our work we derived 
this general solution and showed that in some cases it can become regular. Since the rod 
structure of the Taub-bolt instanton contains a finite spacelike rod, corresponding to a 
generalized KK bubble, one should note that the fact that these black hole systems could be 
equilibrated was to be expected, given the previous experience with black holes on the usual 
KK bubbles. More general systems could also be considered on these KK backgrounds, such 
as the charged double black rings, or multi-black holes on the Kerr instanton, however, we 
leave the discussion of these solutions for further work. 

Finally, let us note that while the charged black hole systems on KK bubbles can be 
mechanically equilibrated (in absence of the conical singularities the gravitational and elec- 
tromagnetic forces in between the black holes can be balanced), we have not addressed so 
far the question of thermodynamic equilibrium, when the two black holes have the same 
temperature. In general, the Hawking temperatures can be the same for each black hole 
horizon if one takes the trivial case of equal masses and charges Mi = M2 and Qi = Q2- 
However, the non-extremal charged black holes can have the same temperature even if the 
black holes are not equal. To see this more clearly, we shall provide one simple example that 
this is indeed possible: take for instance in the solution given in section 3.1 the following 
values of the parameters Mi = M2 = 1, (^2 = while Qi = 2R+1 ^"^^ finally R = 10. 
Then o"i = | while o"2 = 1. It is now clear that R > ai + a2 (which is the condition that 
the two black hole horizons do not overlap) and the Hawking temperatures of the two black 
hole horizons in eqs. (14) and (16) in section 3.1 are equal, even if the two black holes do 
not have the same characteristics. 
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